In this paper we state and proof an extended version of Painlevé's determinateness theorem . We study the C 0 −continuability along analytic arcs of solutions of some Cauchy's problems, which will be 'multiple-valued', i.e. defined on Riemann domains spread over C 2 .
Foreword
The theory of ordinary differential equations in the complex domain is a classical subject; in this paper we pursue the goal of extending the well known Painlevé's determinateness theorem (see e.g. [HIL] , theorem 3.3.1): informally speaking, we shall study some aspects of the C 0 −continuability along analytic arcs of solutions of one-dimensional (nonautonomous) Cauchy's problems, which will be defined by finitely 'multiple-valued' functions on C 2 . Branch points will be supposed to lie on algebraic curves; of course we shall formalize 'multiple valuedness' by the use of Riemann domains spread over C 2 (see e.g. [GRO] ). It seems worthwhile to remark a difference between theorem 3.3.1 of [HIL] and theorem 6: they both assure the existence of some limits of analytical continuations of solutions of some Cauchy's problems, the former dealing with domains of the form (S × C) (for some algebraic Riemann surface S), the latter concerning some proper Riemann domain (R, p). We start by recalling some definitions and statements which we shall use in the following; for further details, the reader is referred to [HIL] or [INC] .
Fundalentals
A complex-analytic (resp. a real-analytic) mapping S on an open set Z is uniformly Lipschitz-like in a neighbourhood W of (U 0 , v 0 ) , provided that there exists K ∈ R such that ||S(U, v) − S(V, v)|| ≤ K||U − V ||, uniformly on v in W : extension to manifolds is straightforward. Let us now endow C n with the norm: ||W || = ||(w 1 ....w n )|| = max j∈1..N (|w j |) and state (without proof) the local existence-and-uniqueness theorem of the theory of ordinary differential equations in the complex domain:
The following theorem is a standard real-variable one:
The following corollary applies the previous real-variable result to the complex domain:
where G is a C P -valued holomorphic mapping, uniformly Lipschitz-like in a neighbourhood W × Z of graph(W ), with W ⊂ C N and Z ⊂ C. Let ζ ∈ ∂V and suppose that there exists an embedded real analytic regular curve γ : [a, b] −→ V∪{ζ} with endpoint ζ and a sequence {t h } −→ b, such that there exists lim h→∞ W •γ(t h ) = W 0 and that G is holomorphic at (W 0 , ζ); then W admits analytical continuation up to ζ.
Proof: Consider the mappings
hence theorem 2 may be applied since {Y (t h )} −→ Φ ∆ (W 0 ) and H is real analytic at (Φ ∆ (W 0 ), b): then Y admits analytical continuation up to b, that is to say, W is analytically continuable up to ζ.
3 An extension of Painlevé's theorem
Notation
Definition 4 A Riemann domain over a region U ⊂ C N is a pair (R, p) consisting of a complex manifold R and a everywhere maximum-rank holomorphic surjective mapping p : R −→ U; R is proper, or finite provided that p is a proper mapping.
Definition 5 The complex number k ∈ C v is a horizontal flatness point for the curve
We shall write HF (C) to mean the set of all horizontal flatness points of C.
Set of hypotheses for theorem 6
H1 N is either the empty set ∅ or a (not necessarily connected) algebraic curve in C 2 ;
H2 (R, p) is a proper Riemann domain spread over C 2 \ N ;
and η is a local inverse of p in a neighbourhood of (u 0 , v 0 );
is uniformly Lipschitz-like in a neighbourhood of X; )) is an algebraic curve, or, alternatively, the empty set and
H7 (U, u) is the unique holomorphic function element which is solution of the following Cauchy's problem:
is an embedded rectifiable analytic arc connecting v 0 and v 1 ;
H9 an analytical continuation ω of u may be got along γ| [0,1) . For every ν ∈ C v , set
Painlevé's theorem extended
By H6 and H8 W v 1 is finite or empty: the case it is empty is trivial; otherwise, say
for ε > 0 small enough: then there exists ̺ > 0 such that
This implies that there exists M > 0 such that
Take now, as it is possible, R > 0 so large that
this is a compact set and, for every
is a Riemann surface, hence, by maximum principle,
and, by the arbitrariness of v in D (v 1 , ̺),
Now we have assumed that ω • γ(t) does not admit limit as t → 1, hence there exists a sequence {t i } → 1 such that {ω({γ(t i )})} ⊂ Θ u . Without loss of generality, we may suppose that {γ(t i )} ⊂ D (v 1 , ̺/2); since p is proper, p −1 Θ u × D (v 1 , ̺/2) is compact, hence we could extract a convergent subsequence Ω k from p −1 {ω(γ(t i )), γ(t i )}, whose limit we shall call Ω. By hypothesis there exists a holomorphic function element (V, ω) such that V ⊃ γ ([0, 1)) and ω(v 0 ) = u(v 0 ); moreover, P • η Q • η could be analytically continuated across ω • γ × γ| [0, 1) , since ω ′ is finite at each point of γ([0, 1)). Therefore, by (H5) and corollary 3, ω admits analytical continuation up to v 1 , hence there exists
which is a contradiction.
